Abstract: Everyone likes Porsche but few can afford it. Budget constraints always play a critical role in a customer's decision-making. The literature disproportionally focuses on how firms can induce customer valuations toward the product, but does not address how to assess the influence of budget constraints. We study these questions in the context of a referral reward program (RRP). RRP is a prominent marketing strategy that utilizes recommendations passed from existing customers to their friends and effectively stimulates word of mouth (WoM). We build a stylized game-theoretical model with a nested Stackelberg game involving three players: a firm, an existing customer, and a potential customer who is a friend of the existing customer. The budget is the friend's private information. We show that RRPs might be optimal when the friend has either a low or a high valuation, but they work differently in each situation because of the budget. Furthermore, there are two budget thresholds, a fixed one and a variable one, which limit a firm's ability to use rewards.
Introduction
Everyone likes Porsche automobiles but few can afford to purchase one. Budget constraints exist among customers and play a critical role in their decision-making. An extreme Apple enthusiast might sell his or her kidney to purchase Apple products, and textbook publishers have been fighting illegal OPEN ACCESS online secondhand markets and piracy websites for several years. Budget is defined as payment capacity and is independent of the customer's product valuations [1] . In recent years, a growing number of electric commerce websites have started to provide financial support to customers with budget constraints (e.g., installment payment programs). However, the literature disproportionally focuses on how firms can induce customer valuations toward the product, but does not address how to assess the influence of budget constraints.
We study these questions in the context of a referral reward program (RRP), a prominent marketing strategy that utilizes recommendations passed from existing customers to their friends [2] . RRPs are prevalent in a wide range of industries and can be implemented through various approaches. A simple Google search of "referral reward program" returns more than three million results that cover topics such as retail stores, financing, mobile and Internet services, and electronic products. In this paper, we examine whether RRPs still work when customers have budget constraints, and determine how firms can manage situations in which RRPs do not work.
The pioneer study suggests that, when a customer's delight threshold is at a medium level, the higher the referral rewards are, the higher the price should be [2] . However, in our study, we consider that the friends might not be able to afford a high price because of budget constraints. Therefore, the RRPs are under the risk of customers choosing to abort the program because of limited budgets rather than low valuations. We build a stylized game-theoretical model with a nested Stackelberg game involving three players: a firm, an existing customer, and a potential customer who is a friend of the existing customer. By applying backward induction in solving this nested game, we show how customers' valuations and budget constraints could affect the design of RRPs. Benchmarked by a baseline model, we investigate the relationship between two strategies: firm financing and RRP. Firm financing refers to a strategy by which the firm allows a monetary discount the customer must pay at the moment he gets the product.
We report a line of findings by solving closed-form solutions of our analytical models. First, when the friend's initial valuation is at a medium level, RRPs are optimal only when the friend is likely to have low budget pressure. Second, although RRPs might be optimal when the customer has either a low or a high valuation, they work differently in each situation. Third, there are two budget thresholds-a fixed one and a variable one that limit a firm's ability to use rewards. Fourth, RRPs and firm financing, although targeting different aspects of a customer's decision-making, can be perfectly substitutable for each other, rendering it unnecessary for firms to apply both simultaneously.
The remainder of this paper is organized as follows. First, we describe the literature on RRPs and budget constraints. Second, we introduce the proposed analytical model and discuss the results. Third, we extend the original RRP model to examine how a firm's financing strategy can affect RRPs. Finally, we discuss the implications and limitations of our study.
Literature Review
There are two research streams related to our research: RRPs and budget constraints. We briefly discuss each of them in this section.
Referral Reward Programs
As effective tools to stimulate word of mouth (WoM), RRPs are proven to be profitable in marketing campaigns [2] . Various combinations of RRPs and low prices are characterized, based on the assumption that customers make a recommendation when they are delighted with a product [2] .The early literature on RRPs focuses on various aspects including reward types [3] [4] [5] [6] , brand strength [7] , and tie strength [4, 7] . Monopolists tend to offer cash awards, whereas duopolistic firms could benefit more from offering future discounts to existing customers [3] . There are two payment functions, a linear payment function and a threshold payment function, in RRPs and anyone of them can dominate the other one under different situations [8] . Current topics in RRP studies entail customer value [9, 10] . Customer lifetime value (CLV) stresses the importance of customers who can bring firms additional customers through referrals [11] . However, RRPs have controversial defects. For instance, the material rewards of RRPs add material motivation to pure friendships, and subsequently damage the receiver's perception of the friend's sincerity [12] . Reward types such as physical or cash rewards can exert an influence the receiver's perception of referral motives, and thus affect the profitability of RRPs [6] .
Thus far, although most RRP research is generated from empirical results, few insights are obtained through analytical models [5, 13, 14] . Under the assumption that customers make referrals by combining their knowledge of and familiarity with their friends' product preferences, the firms should give out higher rewards if the customers have greater concern about their friends' outcomes with the product they recommend [13] . The mechanisms of group buying and RRPs are both popular marketing strategies which stimulate WoM, and anyone of them can dominate the other one under different situations [14] . Meanwhile, the conditions when the firms should reward the customer only, the friend only, or reward both are investigated in an analytical model [5] .
Our study considers both pricing and rewarding, and models a framework entailing a three-player market: a firm, an existing customer, and a friend [14] . Different from the previous studies which model a customer's delight with a product as the motivating force behind a referral [2] , our study assumes that referral rewards induce a customer's referral behavior [13] and that a customer's referral depends on both the referral award and the likelihood of the referral's success.
Budget Constraints
The novelty of our study is that it incorporates the friend's budget constraints into RRPs. Prior studies have focused on the friend's valuations [2, 13, 14] while disregarding budget constraints.
In micro-economics, the budget is defined as the payment capability of a consumer. However, budgets are influenced by several factors such as time and income. The most significant application of budget in micro-economics is the theory of consumers, which posits that consumers purchase certain groups of products according to maximum utility within their budget. The budget constraint can be expressed as ⋯ , where is the budget affected by factors such as time and income; denotes the price of product ; and represents the number of product . Therefore, the budget is a constant value in the theory of consumers. Consumers usually adopt value priority hypotheses in budget planning, especially when purchasing goods such as durables [15] . In value priority hypotheses, the budget is considered to be a constant value and the budget constraint is expressed as ⋯ , where is a consumer's budget, denotes the price of product , 1 or 0 represents whether or not the consumer purchases product , and is the summary of the consumer's allocation for other goods.
There is another definition of budget different from ours. Budget is defined as the maximum a consumer plans to pay for a product, thus possibly varying with the consumer's valuation of the product [16] . In contrast, our study defines budget as the consumer's payment capacity, which is affected by time and income and is independent of the product valuation-the same definition as is used in the theory of consumers and value priority hypotheses [15] . There are several situations where a customer has budget constraints, especially when customers purchase durable goods such as household appliances, cars or apartments. A customer holding 30,000 dollars cannot purchase a car priced 50,000 dollars. This is a situation where the budget limits a customer's purchase decision. The budget is the current cash state of a customer, and does not have any relationship with the product. Capacity constraint problems also occur in related research disciplines such as the budget constraint in auction literature [17] and the inventory or capital constraint in operation management.
A customer's budget is affected by time and income, which are independent of the product valuation, follow a Bernoulli distribution (e.g., the probability of a high income is , whereas the probability of a low income is 1 ) [1] . Therefore, our study assumes that budget constraints are independent from customer valuations, and characterizes them with a Bernoulli distribution.
The Model and Result
We develop a nested Stackelberg game to capture the sequence of actions among three players: a firm, a customer (denoted by S, the information sender), and a friend (denoted by R, the information receiver). There are five stages for completing a RRP from Time 0 to 4. We depict the entire sequence in Figure 1 . At Time 0, the firm faces Customer S, who has already purchased the product, and Friend R, who is a potential customer. At Time 1, the firm updates the price for existing customers, offering the referral reward . At Time 2, Customer S chooses the increased product value for Friend R through the referral program in an effort to obtain the referral reward B (Customer S does not recommend the product if 0). At Time 3, on the condition that Customer S opts to refer the product, Friend R decides whether to purchase it according to his or her valuation and budget . Finally, at Time 4, if Friend R pays for the referred product, then Customer S receives the referral reward that the firm promised. Next, we proceed backward through the sequence to solve optimal decisions. 
Friend R's Problem
Friend R purchases the product when two conditions are satisfied simultaneously: First, Friend R incurs a non-negative surplus by purchasing the product (the surplus constraint). Second, in that moment, Friend R can afford the product (i.e., the price is not greater than Friend R's budget, the budget constraint). The friend's initial valuation of the product is denoted as . Friend R's surplus from purchasing the product (denoted by ) is then given by [14] . Thus, the surplus constraint is
The budget constraint is
Combining both constraints indicates that min , is required for a successful referral. However, Friend R's budget information is private. This information structure adds two layers of complexity for the firm in designing RRPs: the firm must provide sufficient incentive for Customer S to induce a larger ; nevertheless, the firm must remain careful about pricing, because both Friend R and Customer S are basing their decisions on the market price.
Customer S's Problem
In our model setup, Customer S serves as a sales agent in disseminating the product information to Friend R. Unable to observe Friend R's budget information, Customer S instead uses a Bernoulli distribution to estimate it. We assume that Customer S believes that Friend R has a budget of with the probability ( ∈ 0,1 ) and a budget of ( ) with the probability 1 [1] . Observing the market price , Customer S forms his or her own belief regarding whether Friend R will purchase the product. Denote Friend R's action as the binary variable δ and as δ 1( 0) when he or she chooses (not) to adopt. Then, the estimation of δ 1 by Customer S is given by
in which 0, , ∈ , 1,
where is an indicator of whether Equation (1) holds. Given the estimation in Equation (3), a risk-neutral customer's expected surplus of the referral (denoted by ) can be computed by δ 1 • β , where denotes the referral reward from the firm and β denotes the cost associated with the efforts of Customer S to increase the product value for Friend R. We consider β ∈ 0,1 to focus on a reasonable range of efficiency in the communication between Customer S and Friend R [14] . The problem for Customer S, therefore, is to find the optimal to maximize . 
The Firm's Problem
The firm sets the price and referral reward to maximize the expected value of its profit (denoted by π). Here, we assume that the firm is risk-neutral. The expected profit is π δ 1| * , • because the firm can expect the customer's decision on , which can be solved as a function of and from Equation (5). The firm's problem is then given by
s.t． 0, 0
Analysis and Results
For our analysis, we divide our discussion into three cases by locating Friend R's initial valuation in different regions of the budget parameters: a low valuation (i.e., ), a medium valuation (i.e., ), and a high valuation (i.e., ). We start with Lemma 1 when Friend R has a medium valuation (proofs are shown in the appendix).
Lemma 1.
The optimal reward/price strategy is among the three candidate strategies shown in Table 1 when Friend R's initial valuation is at the medium level ( ). Table 1 . Candidate strategies when .
Candidates Price Reward Expected Profit
Candidate1 0
Candidate2 0 Candidate3 β β Lemma 1 suggests that there are multiple candidate strategies for the firm when Friend R has a medium valuation. First, the firm can simply set the price to a low level of budget , which secures the firm a profit of because any budget constraint is redundant when the price is . In the other two cases, the firm risks its profit by selecting either a non-reward strategy under or a with-reward strategy under . The reward works only for Candidate 3, for whom the firm sets a reward to induce Customer S to persuade Friend R to purchase the product.
We continue to compare the profits of the three candidate strategies and derive optimality for the entire parameter space. Proposition 1 provides the results, as shown in Figure 2 .
Proposition 1. For a medium level of initial valuation
(i.e., ), when β, , the firm should set a high price with reward ; when min , , the firm should set a low price without any referral rewards. In all other cases, the firm should set a medium price without any referral rewards. As shown in Proposition 1, for an initial valuation at a medium level, Friend R's budget affects the firm's optimal strategies in two ways. When is small, Friend R is likely to have a small budget, inducing the firm to choose a safe price at . In contrast, when is relatively large, the firm opts to choose a high price at the upper limit of Friend R's budget, along with offering a referral reward to Customer S. The literature indicates that, when Friend R's product valuation is not extremely high, RRPs are always profitable [14] . However, in our study, we incorporate the new dimension of budget constraints and show that the optimality of the referral strategy requires that Friend R must have not only a medium valuation, but also a large budget.
Proposition 1 suggests that boundaries for optimal strategies are sensitive to both valuations and budget constraints. When the valuation is relatively low (i.e., ), the budget threshold varies with Friend R's valuation (as shown by curve S2 in Figure 2 ). Similar to Lemma 1 and Proposition 1, we solve the firm's optimal strategy by following Proposition 2 when is at a low level (i.e., ) or a high level (i.e., ).
Proposition 2. The firm's optimal strategies occur when Friend R's valuation is either low or high (Table 2) . First, when Friend R has limited knowledge about or a limited valuation of the product (i.e., ), it is optimal for the firm to use a RRP; however, the approach of this RRP differs from that of the RRP in Proposition 1. The optimal strategy is then divided into another two subcases on the basis of Friend R's budget: If Friend R's budget is likely to be high (i.e., β 1 β ), then the firm should set a high price at , with a high reward to Customer S. In contrast, if Friend R's budget is likely to be low (i.e., β 1 β ), then the firm benefits from setting a low price . In both cases, a RRP is an effective tool for the firm to induce sales by awarding the customer to generate WoM about the product. Second, when Friend R's initial valuation is very high ( ), the constraint on the budget is more likely to be active compared with the constraint on Friend R's valuation. In this case, it is no longer necessary for the firm to adopt a RRP.
In this research, we obtain the result that RRPs tend to be effective when customers have relatively loose budget constraints, which is investigated in the literature without imposing budget constraints. In contrast, our study first formally shows that budget constraints can negatively impact the effectiveness of RRPs and stresses that budgets can limit RRPs differently according to whether product valuations are low, medium, or high. Figure 2 shows the region of interest . When β β 1 β , the firm should start with referral rewards when is low and, as the initial valuation increases, switch to a no-reward strategy when is medium, and switch back to rewards when is high (Figure 3 ). Figure 3 illustrates the relationship of the firm's optimal price and reward changes with Friend R's product valuation when the budget tends to be a medium value. When Friend R's valuation is very low ( ), the firm sets a low price and uses a reward to encourage Customer S to refer the product. As increases, the reward becomes lower while the firm makes a larger profit. After goes beyond the lower limit of budget , the firm obtains the same profit without offering any reward. However, as continues to increase, the firm can set a higher price while using a reward to compensate for the gap between the high price and Friend R's valuation. After reaches the threshold , the firm adopts the high price with a reward of . Finally, as continues to exceed , the firm does not need to offer referral rewards because Friend R will purchase the product without a customer referral. This result uncovers patterns that no prior study on RRP discusses. For example, a prior study shows only that the firm can benefit from a referral when Friend R's initial valuation is below a certain value [11] . In contrast, our results indicate that Friend R's budget constraints matter. When is at a medium level, a region exists where RRPs will not work. With a RRP, the firm can obtain a high profit by setting a relatively high price. However, this high price has two clear disadvantages. First, it depends on a high reward cost, which limits the profit from the high price. Second, the profit from the high price is subject to risk because it remains possible that Friend R cannot afford it. Therefore, the firm faces a tradeoff between a secured low profit from a low pricing strategy and a risky high profit from a high pricing strategy. Nevertheless, RRPs could be optimal in either case; however, they work differently in each case.
Firm Financing
The literature suggests that firms can provide financing options when customers have budget constraints. In practice, firm financing exists in various forms such as installment payments. We model such a financing strategy with a constraint on Friend R's budget that is more flexible than budget constraints without a financing strategy.
Denote as the reduced cash constraint. Thus, the budget constraint becomes , while the customer's surplus constraint remains 0. Customer S's estimation regarding the likelihood of Friend R's purchase becomes
Customer S's surplus is Pr δ 1 • β . Customer S's problem is to solve the optimal from maximizing . Finally, the firm sets the price and referral reward , in addition to setting the financing program to maximize the expected profit. The literature indicates that, when a firm provides financing, it is optimal to extend credit to the customers at an interest rate that is lower than the firm's cost of funds [1] . In our study, we assume α to be the cost coefficient associated with the financing program, which might be incurred by realizing a time value of money or by hiring an external financing agency for the program. In addition, we assume α β 1 because the cost of referring and selling the financing is small and the company can intuitively take both strategies if α β 1. The firm's expected profit is π δ 1| * , , α .
The results are illustrated in Figure 4 . As shown in Figure 4 , Cases 1-3 represent the regions where RRPs remain optimal, whereas the other regions are optimal for firm financing. Figure 4 implies that these two strategies are perfectly substitutable, and it is unnecessary for the firm to adopt both of them.
Proposition 3. Firm financing is optimal when
and β β 1 β hold simultaneously.
Proposition 3 can be illustrated in Figure 4 as the parameters move from S2 to S4. Proposition 3 shows that, when both and are at a medium level, firm financing brings more profit to the firm than the RRPs do. When Friend R's initial valuation is very low ( ), there is no need for the firm to provide a financing option because the budget constraint is redundant. When Friend R's initial valuation is very high ( ), it is intuitive that firm financing can generate more profit for the firm.
Conclusions
This paper shows how firms can design optimal RRPs when customers have hidden budget constraints, and offers a line of managerial implications regarding marketing.
First, we show that a high-price-high-reward strategy is no longer optimal in the presence of budget constraints. Rewards are often considered an effective approach to filling the gap between high prices and low product valuations [14] . However, we determine that a high price with a high reward is not always profitable when accounting for the friend's budget constraints. When the friend cannot afford the high price, the firm's profit is at risk. Therefore, to assure the profitability of RRPs, the firms should consider both the friend's product valuation and any budget constraints. When the customer valuation is very low, setting a reward is always profitable. However, when the product valuation is at a medium level, the firm should set a reward only on the condition that the friend is likely to have a more flexible budget. Meanwhile, if the customer valuation is very high, then the reward is not necessary; in this case, firms should consider providing financing options for the friend.
Second, RRPs might be optimal when the friend has either a low or a high valuation, but they work differently in each situation for the reason of budget. As the budget of a friend is private information, an estimation of the budget from the firm or the existing customer can bring risks for the reason that the friend may have a low budget and cannot afford a high price. When the product valuation of the friend is low, the firm adopts low-price RRPs to gain a risk-free profit. While when the product valuation of the friend is high, the firm adopts high-price RRPs to pursue a high profit with risks instead of a riskfree profit.
Third, we show that there are two budget thresholds that limit a firm's ability to use rewards. One of them is a fixed threshold, beyond which the firm's RRPs are profitable. The other threshold is sensitive to the friend's initial valuation of the product.
Fourth, our study suggests that, when the cost of a referral or firm financing is high, the firm does not need to implement both strategies because they are perfect substitutes for each other.
This paper has some limitations. Our study assumes that the firm is risk-neutral. Further research can investigate RRPs in relation to other risk preferences. In addition, we assume a constant marginal cost associated with the existing customer's referral effort, which might be reexamined using a concave relationship.
